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Particle in a One-Dimensional Box as
a Model for the Description of
Conjugated Systems**

Gion Calzaferri*

Abstract: The usual «particle in a one-dimensional box» model for the description of the
first absorption band of conjugated polyenes is criticized because it leads to the wrong
prediction that the energy of the highest occupied molecular orbital (HOMO) is indepen-
dent of the chain length, which means that the redox potential change for the oxidation of
these dyes with increasing chain length cannot be described. 1t is shown how this serious
deficiency of the otherwise still very useful model can be eliminated without loss of

simplicity.

The simplest way to generate spatial
dependence for a wave function to produce
a varying probability of finding a particle
at different points in space, is to leave the
particle as free as possible but within the
confines of a box from which it cannot
escape. Physically, this means that within
the box, the particle’s potential energy is
independent of its position, but that no
matter how much kinetic energy it has, it
cannot get beyond the walls!". This simple
model is very useful to explain important
consequences of quantization. Asymptotic
behaviour of the energy levels can be intro-
duced by lowering the potential energy at
the walls from infinity to some finite value.
1948 Kuhn™ has shown that the behaviour
of a particle in a one-dimensional box can
be used to describe the color of many con-
jugated systems by introducing only one
parameter, the length of the box. One year
later Platt ™ has worked out an elegant de-
scription of the electronic absorption spec-
tra of aromatic systems by using a particle
on a closed bond path as model. This de-
scription was extended by Ruedenberg and
Scherr ¥ 1o a free-electron network theory.
A little later" it was shown how electron-
electron interaction can be treated within
this simple approach. Other extensions of
the now called free-electron molecular-
orbital theory (FEMO) have been dis-
cussed by several authors. The most im-
portant features of this model are very well
explained in a textbook written by Mc
Glynn et al.*, In 1966 Baumann and Heil-
bronner have reported that the analogy be-
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tween the «electron-in-a-box» and the
«LCAO-MO» model does not go as far as
had been assumed before!”. The wave-
length for a linear system (e.g. a one-di-
mensional «electron-in-a-box» model) is
directly connected with the momentum of
the electron and therefore with its kinetic
energy according to the de Broglie relation.
There exists no such simple relationship in
the LCAO-MO description, however.

Since the treatment of Kuhn®, the
FEMO model has been used in many ele-
mentary and specialized publications. Un-
fortunately, only the agreement of calcu-
lated and observed electronic transition
energies has been considered. It has there-
fore escaped attention that the asymptotic
behaviour of the highest occupied molec-
ular orbital (HOMO) is wrong. This makes
it difficult to teach the model to critical
students. Regarding the success of the
frontier-orbital approach to describe
chemical reactions, developed by Hoff-
mann, Fukui® and others, one has to ana-
lyze not only the HOMO-LUMO energy
difference as for the description of elec-
tronic spectra, but also the behaviour of
the HOMO and LUMO themselves. I will
show how this serious deficiency of the
otherwise still very useful model can easily
be eliminated.

The energy of a particle in a one-dimen-
sional box is described by

hZ
E =
" 8mlL?

‘n? n=123,.. )

h is Planck’s constant, m is the mass of the
particle, and L is the length of the box. The
number of = electrons, Z,, in a linear con-
jugated molecule
H2C=(=CH—~CH=)k'=CH2 , k=0,1,2,...
is equal to 2 - (k + 1) and in cyanine mole-
cules

>N—+CH=CH--CH=R<

it is equal to 2 (k + 2). Each orbital is
occupied by two electrons. Therefore we
get for the quantum numbers #,,4y, of the
highest occupied molecular orbital and
M umo Of the lowest unoccupied molecular
orbital the following relations:

Hyomo = Z,/2 ) )
Momo = Z/2+ 1 =(Z, + 2)/2

The resulting orbital energies &,omor £ 1m0
are:
. _ P (Z,+2)
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The transition energy S, « S, is equal to the
difference:

hv = AE = & ym0 — Euomo

hl
= [(Z, + 2}~ Z;
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AE=

(Z,+ 1)

In order to calculate g o, 4omo and AE,
an assumption about the length of the box,
L, has to be made. Kuhn has introduced the
following:

L=2Z d,=2(G+ 1), 4)

where d, is equal to the C—C bond length
and j is equal to k for the linear conjugated
molecules and equal to k + 1 for the cya-
nine dyes®'”. Introducing this assumption
we get:

h? 1 [Z,+2V
8LUM0=8_—' —

m 4d}\ Z,
h? 1 2\
= — s — 1+—. 5.
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h* 1 [(Z +1Y 1
= — s — L3 . 5
8m d(f( Z. ) zZ+1 9

The behaviour of equations (5a) and (5¢)
as a function of Z_ is reasonable but the
prediction of (5b) is wrong. We know very
well that the redox potential for the oxida-
tion of polyenes as a function of their chain
length is not a constant, but becomes
smaller as Z,/2 increases.

It is astonishingly simple to correct this
deficiency. We only have to replace equa-
tion (4) by the following expression:

L=(Z + 1, 6
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This leads to the new equations:

, o1 (Z+2)
Mo = g " T2 Z +1

=£'Z{707<1+z,1+1>2 (72)
. w1 [ z Y}

=£%-74-—(%;<1—an1>2 (70)

=8%2107'z—1+—1 70

Since we know, that AE calculated by
equation (5¢) can be well used for the inter-
pretation of absorption spectra of e.g.
cyanine and azacyanine dyes, it is impor=
tant to check whether in this respect (7¢) is
inferior or not. The two equations differ
from one another by the factor:

Z,+1\
Z,
This means that the asymptotic behaviour

of both equations is the same with respect
to large conjugated chains. It is shown in

®

Fig. 1, where equations (5a), (5b) — dotted

lines — are compared with the new equa-
tions (7a), (7b) — solid lines. Fortunately,
the behaviour of eyopmo and-€{ ;o as a func-
tion of number of double bonds, Z,, is now
-correct and can be used to describe the
redox potential change of cyanine dyes
with increasing chain-length®.,

We have not yet discussed 4, a parame-
ter which should be in the order of 1 to
1.5 A to be physically reasonable. This pa-
rameter can be determined by setting AE
or AE’ equal to the observed transition
energy, AE,,. From equations (5¢) and
(7¢c) we get:

PR R S 5.0 A N U
| AE,, 8m\ Z, Z +1

(92)
I CHRN W |
d,= I,
(AEO,,, 8m zn+1]

(9b)

The obvious way to compare d, and d', is
the ratio:

4 _Z+1
a4z

n

<)

This means that the difference between d,
and d is only significant for small conju-
gated systems. Correct asymptotic behav-
iour is far more important for a simple
model than very good numerical agree-
ment. Nevertheless, it is interesting that
equation (7c) does not seem to be inferior
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Fig. 1. Comparison of the correct HOMO, LUMO behaviour (solid lines) with the one used

up to now (dotted line) in units of h*/(8md,?).

Table 1. Comparison of experimental electronic transition energies with energies calculated by formula (10a) and

(10b) in units of [cm™].

k - Z, AE., AE AE/AE,, AE’ AE'|AE,,
{equation (10a)) (equation (10b))

0 4 44643 44643 1.0 44643 1.0

1 6 31949 27778 0.869 31888 0.998

2 8 24038 20089 0.836 24802 1.032

3 10 19268 15714 0.815 20292 1.053

4 12 16000 12897 0.806 17170 1.073

5 14 13605 10933 0.804 14881 1.094

6 16 11792 9487 0.804 13130 1.11

to (5c¢) for the prediction of electronic tran-
sition energies, even from a numerical
point of view, This is demonstrated by the
comparison given in Table 1. The experi-
mental data for the cyanine dyes

(CH3)2N—(—CI‘-I=CH—)1(—CH=I%(CH,)2

have been taken from Table 7.7 of Ref.!
(note, however, that the comparison is
made in units of energy and not in wave-
length).

The equations (5¢) and (7c) can be writ-
ten as follows:

Z +1
AE = const - "Z 5 (10a)

n

AE' = const’ -

Z +1 ; (105)

The simplest way to determine a set of
(const,const’) in order to compare equa-
tions (10a) and (10b) is the following:

2

4
const = 44643 - m = 142857
From (9c) we get:

5\
const’ = const - (Z) = 223215

Finally I would like to draw the atten-
tion to a problem which cannot be solved
by simple parametrization. Setting &gomo
approximately equal to the first ionization
energy we get a qualitatively correct
asymptotic behaviour. However, it is easy
to show that the magnitude of the predi-
cted ionization energy IP, is wrong. Com-
paring &;0m0 With AE’ we get:

IP,
AESI‘—SO

Z2
Z +1

1
€nomo _

AE

1
P 1y
A comparison of this prediction with expe-
rimental values for ethylene and butadiene
(Table 2) shows that it is basically wrong.
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Table 2. Comparison of equation (11) with experimental values [cm™"].

2
AE(S,+So) 1P, IPAE(S,~Sg) 025 25—
Z +1
Ethylene 61250 84763 1.384 1/3
Butadiene 46080 73149 1,587 4/5

It is not astonishing that equation (11) fails
and it is obvious that parametrization does
not really help. The way to improve the
model is to lower the potential energy at
the walls to, let us say, E, and to approxi-
mate the jonization energy by the differ-
ence E, = exomo'', but at this point a sim-
ple MO picture as provided by the HMO
(Hiickel Molecular Orbitals) or the

EHMO (Extended Hiickel Molecular Or-
bitals) theory becomes more useful.
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